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We introduce the Regge-Froissart continuations of various partial-wave amplitudes for =V scattering
into the complex J plane. The notion of J parity is clarified by considering parity nonconservation. The
analyticity and symmetry properties of the Regge-Froissart continuation in the energy plane are also
studied and the results of analysis applied to backward pion-proton scattering. A similar discussion is given
of the 74 — N-+N channel and the forward elastic pion-proton scattering.

1. INTRODUCTION

HE importance of regarding the scattering ampli-
tudes as a simultaneous analytic function of
energy and angular momentum J was first pointed out
by Regge for nonrelativistic potential scattering.! This
notion has been extended to the relativistic S matrix
and has already revolutionized present thinking in
strong-interaction physics.2 Here, we present a sys-
tematic discussion of the pion-nucleon problem from
that point of view.

In Sec. II, we introduce the proper Regge-Froissart
continuations of various partial-wave amplitudes into
the complex J plane for 7V scattering, where we assume
parity nonconservation. This is done to elucidate the
nature of the J parity and to bring out clearly that J
parity has nothing to do with space parity. As a by-
product of this discussion we clarify the concept of the
range of exchange potential for the scattering of two
unequal-mass particles—this is discussed in the Ap-
pendix. These J-plane continuations are studied in
Sec. IIT as to their analytic behavior in the energy
variable and new amplitudes free from kinematical
singularities are introduced. Also, these amplitudes have
important symmetry properties, which reflect in the
expressions given in Sec. IV for the backward pion-
proton scattering in the direct channel. The observed
particle and resonance states in the 7V channel are
also discussed in Sec. ITI. The last two sections, V and
VI, deal, respectively, with the J-plane analyticity of
helicity amplitudes in the #+r— N+N channel and
with its implications for the forward elastic pion-proton
scattering.

II. REGGE-FROISSART CONTINUATION OF PARTIAL-
WAVE AMPLITUDES IN THE =N SCATTERING
CHANNEL: J PARITY

We introduce the proper analytic continuations into
the complex J plane of the various partial-wave ampli-
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tudes for wN scattering. Even though parity is con-
served, the discussion is carried out for the general
parity-nonconserving case because confusion has pre-
vailed whether J parity and ordinary parity (i.e., space
parity) are distinct quantum numbers for Regge
trajectories. The J parity is the notion that only the
alternate physical J values on the Regge trajectories
give rise to physical bound states and resonances. This
certainly is true for spin-zero—spin-zero particle scat-
tering. Unfortunately, the separation of the amplitude
into even and odd J-parity parts for this case coincides
with the separation into even and odd space-parity
parts. So one is likely to regard the J-parity notion as
nothing distinct from the space-parity diagonalization,
and this is the source of confusion. The only way to
resolve this situation is to study a problem in which
parity is not conserved and then see whether one still
has the notion of J parity. As parity conservation is
implied by angular-momentum conservation for scat-
tering of two spin-zero particles, one has to study a
problem with spin. In the following we study scattering
of a spin-zero particle by a spin-one-half particle; i.e.,
we study wN scattering where we assume parity
nonconservation.

There are now four independent invariant ampli-
tudes, instead of the usual two amplitudes 4 and B.
The T matrix can be expressed as

T=—A+1iy-QB+ivsy-QC—vsD, (2.1)

where

Q=3(K1+K,),

and K; and K, are the four-momenta of the initial and
the final pion, respectively.
The differential cross section do/dS can be written as

d—;=pz I(@nal| flinitial), 2.2)
where X X
f=hto ko -kifsto - kifstokifs, (2.3)

and k; and k; are unit vectors in the direction of the
final and the initial pion three-momentum, respectively.

stam, Phys. Rev. 126, 1202 (1962); S. C. Frautschi, M. Gell-
Mann, and F. Zachariasen, ibid. 126, 2204 (1962); R. Blancken-
becler and M. L. Goldberger, ibid. 126, 766 (1962); B. M.
Udgaonkar, Phys. Rev. Letters 8, 142 (1962).
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The f/'s are given by
[i=[(E+m)/8xW LA+ (W—m)B],
fo=[(E—m)/8xW][— A+ (W+m)B],
fa=— (k/8cW)[WC+D],

and
fo=—(k/8cW)[WC—D], (2.4)

with %, E, and W being the magnitude of the three-
momentum of the pion, the energy of the nucleon, and
the total energy, respectively, in the center-of-mass
system: i.e.,
E=W4+m*—1)/2W,
and
aR=W?2— (2m*+2)+ (m?*— 1)}/ W=

We might note that time-reversal invariance implies
that D=0; i.e., that fs=f,. However, we do not need
to assume time-reversal invariance.

The partial-wave decompositions of the f,’s are
given by

H=2 ar4, 04" Pryy =2 anpso’ Pry,
fo=2 arsy o’ Popy' —2 asy, 04" Pry,
fi=2 arsy, 04" Pry =2 ar 3,047 Pry,

fi=2 a0 Pryy' —2 argy, 04" Pry/, (2.5)

where ar 17 is the partial-wave amplitude for transi-
tion between an initial and a final state, both with
total angular momentum J, and having orbital angular
momenta L’ and L”, respectively. In the conventional
notation as_3,7—4"=fs-3.+ and asiy,743"=7fr43,—. The
summation over J runs over J=1/2,3/2,5/2, ---. The
argument of the Legendre polynomials is

g=cosf= 1+ (¢/2k2) =1+ 2m>+2—s—u)/ (2k2), (2.6)

where s, %, and { are the usual invariant variables, which
have the significance of becoming the total energy
squared in the barycentric systems of the =NV scattering
channel, the crossed 7N scattering channel, and the
w+x — N+N channel, respectively.

The projection formulas for the different partial-
wave amplitudes can be worked out and are given by

and

+1
aJH.JHJ=E / d(cosO)[ frPrry+ foPrss],
-1

and

1 +1
al:!:i-J:FiJ:E / d(cosb)[ fsP syt fuPrsy] (2.7)
-1

Using these projection formulas (2.7), and the ex-
pressions (2.4) for f/s in terms of the invariant ampli-
tudes, we get, finally,

E+m
167W

T ot (W m)Bia]
I T4} m)D iy,

[A s+ (W—m)Bsxy]

arryoRy =
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and .
arsy o5y =———[W(Corx3+Cryy)
167 W

+Dss3—Dssy)], (2.8)

where

+1
A= / d(cost)A (s, ut)Ps(cost).  (2.9)

The By, C;s, and Dy are defined similarly.

Expressions (2.8) and (2.9) define the various partial-
wave amplitudes for physical values of J. One has now
to find an analytic continuation of these amplitudes
into the complex J plane, from these physical J values,
that is suitable for a Sommerfeld-Watson transform.
As the only J dependence of partial-wave amplitudes
is contained in 4, By, Cs, and Dy, the problem re-
duces to finding a proper continuation of these quan-
tities. To that purpose, we notice that invariant
amplitudes satisfy fixed energy-dispersion relations of
the type

A (s,u,t)=—

™

1A, (s,)dt 1 Au(s,u)du’
/ oy / — (2.10)
4 (m+1)?

t'—t T u'—u
1~ A(s,x)dx’
=1_r/; '+ 2k2(1—cosh)
0 Ao (s, 2+ (m2—1)2/5s)dx’

%'+ 2k (14-cosh)
(2.11)

1
+—

TS (m+1) 2= (m*~1)¥s

By substituting expression (2.11) for 4 in (2.9),
we get

1
A;_;=1—r;z;/dx [4:(s,x")

+ (=) u(s, o'+ (m*—1)%/5)]

!

XQJ_,(1+2%;). (2.12)

We see that except for the (—)7~* factor, Eq. (2.12)
provides an expression suitable for Sommerfeld-Watson
transform. The canonical way to get rid of the (—)/—*
factor is to define two analytic continuations of 43,
one away from even integral values of J—%, and another
from odd integral values® of J—1;i.e.,

1
Aoyt — [ LA+ A+ (o 1/ 571
™

X
1+
XQs *( +2k?>’ (2.13)

3E. J. Squires, Nuovo Cimento 25, 242 (1962). Also there is a
good discussion of J parity or signature in the paper of S. C.
Frautschi, M. Gell-Mann and F. Zachariasen, Phys. Rev. 126,
2204 (1962).
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and

1
AJ—%‘#:? / [Ae(s,6")— Auls, &'+ (m?—1)/5) Jda’
™

’

x

XQJ—%<1+—2‘];;).

If one uses As+3° for As53 in Eq. (2.8), together
with Bx;° for By, CJ;;’ for CJ:F;, and DJﬂ.‘ for
D =3, one obtains a continuation of the different partial-
wave amplitudes that agrees with the amplitude for
these physical values of J=1/2,5/2,9/2, - - - etc. Simi-
larly, by using A y+;% for 453 in Eq. (2.8), and replace-
ments BJ:F§¢ for BJ:F;, CJ:}:;" for CJ:;:;, and DJ:F*¢ for
Dyz3, one would obtain another continuation which
agrees with the amplitude for these physical values of
J=3/2,7/2,11/2, - - -, This is precisely the notion of J
parity, which here follows irrespective of any parity-
conservation considerations, and only arising because of
the simultaneous presence of the direct and exchange
forces. It is a straightforward matter to express the
Sommerfeld-Watson transform of the scattering ampli-
tudes in terms of these even and odd J-parity con-
tinuations of the various partial-wave amplitudes. For
example,

1 aJ
Sre==4- as_4,747[Pryy' (—2)£Priy (3)]
4/ ¢ cosm.
7 aJ
i_/ ay_y,7-47 [ Prsy' (—2)F Pryy' (3)]
4 c cosmJ
7 aJ
F- @iy, 7437 [Prss, (—2)F Prsy,(2)]
4 /¢ cosmJ
7 dJ
+- aryy 0y’ *LPrsy (—2) £ Prsy (3)],
4/ ¢ cosm.

(2.14)

where on the right-hand side of Eq. (2.14) the upper
signs refer to fi, the lower signs to fs, and C is the usual
undistorted contour for the Sommerfeld-Watson trans-
form. Of course, the contour C can be distorted in that
entire region of the J plane over which the various con-
tinuations exist if the contribution of the enclosed
singularities, in particular Regge poles, is included.

III. REGGE TRAJECTORIES IN THE =N
SCATTERING CHANNEL

We now study the analyticity and symmetry prop-
erties in the energy variable of the continuation of the
partial-wave amplitudes into the complex J plane,
which we introduced in Sec. II. We also discuss the
observed particle and resonance states in this channel
in terms of the present analysis.

If we consider the different partial-wave amplitudes
continued into the complex J plane as functions of the
invariant variable s=W?, we encounter, apart from the
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s-plane singularities of 43¢, etc., kinematical singu-
larities of the 4/s type caused by the factors of W—m,
W+m, and W, etc., which occur in the problem because
of the spin. The existence of kinematical singularities
in the s plane was already brought out for partial-wave
amplitudes corresponding to the physical J values, by
earlier authors.# Thus it is advantageous to work in
the W-complex plane.

The functions 4 ,+3%¢, etc., have additional branch
points whose locations are given by k=0, when JF}
is not a positive integer, apart from the usual branch
points, which are those of 4 ;54 for physical values of J.
However, the function A4 y;%%/(2k%)7%4 has precisely
the same analytic structure as the function A4,+;/
(2k%)7F4, for physical values of J.

We are thus led to consider the following quantities,
if we wish to avoid any kinematical singularities:

167 W aJ;;,chgJ(e"ﬁ)
hosy, oy’ (W)= )
E+m (2r2)73

Ay_yle® By_ye®
b 70 (W) = (£ )————t (W F )
JF3JF} W)=( )(2k2)J—9+( q:M)(Zk?)""’
Agpyle® Buryye®
+2(E$m)2|::F———-——+(W:i:m)—t—, 3.2)
(2k2) T+ (2k2)T+
167 W ayyy, 537 (%

EoQr) ¢

(3.1)

hrggosy? @O (W)=—

and
WCr_y&® Dy
-1

@k)7+  (2k2)7-
Criy@®  (2B)Dypyte®

(2k2)J+i ' (2k2)J+§

iy oy @9 (W)=

+2WE2

(3.4)

It is easy to see from expressions (3.1) through (3.4)
that these eight partial-wave amplitudes % defined for
complex J have no kinematical singularities in the W
plane, and their singularity structure in the W plane
is precisely the same as that of the functions 4. (W)
=[W/(E4m)]fu introduced and discussed by Frazer
and Fulco.

Besides having nice analytic structure in the W
plane, these new amplitudes also have some very simple
symmetry properties in the W plane.® We have

hiog 37O W)= —hysy, 579 (W), (3.5)
and

hivy, 7 P W)= —hsy, 517 @9 (=W). (3.6)

*S. Frautschi and D. Walecka, Phys. Rev. 120, 1486 (1960);
W. Frazer and J. Fulco, 7bid. 119, 142.

5 The author is indebted to Dr. N. Dombey for a discussion
about applying the Regge method to nucleons, as an after effect
of which the present author was led to realize the importance of
the symmetry relation (3.5). However, the present way of apply-
ing the Regge method to fermions is different from Dr. Dombey’s
method. The author is also thankful to Professor M. Gell-Mann



1892

The analog of symmetry relation (3.5) for as_3,s—3(W)
was first pointed out by MacDowell for physical J
values.® Here it is seen to hold true for complex J
values also. The other symmetry relation is new. These
relations essentially follow from the reflection properties

of the f;(W)’s given by
HW)=—fo(—W),

fs(W)=—fuo(—W).

The reflection properties (3.7) and (3.8) follow from the
invariant nature under W — —W transformation of
the amplitudes 4, B, C, and D.

The symmetry properties (3.5) and (3.6) are very
significant. We know from them that if k44, 7447 (% (W)
has a singularity in the J plane, given by J=a(W), then
hi_3,7_37 @ (W) would have a corresponding singu-
larity in the J plane at J=a(—W). In particular this
singularity may be a Regge pole, J=a(W). The sym-
metry relation also implies the relations between the
residue of the Regge pole J=a(W) in kyiy, 5437 9 (W)
and the residue of the Regge pole J=a(—W) in
by, 747 @O (W).

In the case of parity nonconservation, which we are
considering, all the four partial-wave amplitudes having
the same J parity and corresponding to the same J are
coupled to one another, and thus would share the same
Regge poles in the J plane. This sharing property com-
bined with the above symmetry property implies that
if one of the amplitudes has a pole at J=a(W), then it
would also have a pole at J=a(—W), and the other
three amplitudes likewise would have poles at J=a/(W)
and J=a(—W).

For the real physical case of the conserved parity,
we have

3.7
and
(3.8)

by, vy’ (09 (W)=0.

Further, unitarity no longer couples the even and odd
spdce-parity parts. Unitarity condition in the physical
elastic region reads, for real J and real W,

E(Exm)(2R2)7}

Imhrzs,oey’ 0= | Bres, 017 @13,
BT 162 el
and
E(E==m)(2k?)7-}
Imhn;,J:FQJ("):——'lh-FFi.J’-HJ“)12;
167 W

i.e., the four amplitudes &sF3, 5537 (=#) are all decoupled,
and, in general, would have different J-plane singu-
larities, apart from the correlation implied by the
symmetry relation (3.5) and discussed before.

A family of Regge trajectories can thus be specified
if we give the J parity and space parity. So far we did

for pointing out that Gribov and Pomeranchuk have also reached
similar conclusions. The present discussion makes it clear that the
occurrence of two correlated Regge trajectories persists, even when
parity is not conserved.

6 S. W. MacDowell, Phys. Rev. 116, 774 (1960).
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not consider isospin. The inclusion of isospin gives one
more quantum number, I=1/2, 3/2.

If we regard the observed particle and resonance
states with baryon number one as Regge poles in the
N scattering channel, then they can be interpreted
as follows:

(1) Nucleon, isospin one-half, and FyxN resonance
with I=1/2 at 1680 MeV energy may be regarded as
the first two members of the Regge family with I=1/2,
even parity, and even J parity. It must be observed
that without the notion of J parity it would not have
been possible to explain the absence of an I=1/2, Py =N
resonance. Further, both these objects have to lie on
the same Regge trajectory; otherwise we would expect
to find another particle with nucleon quantum numbers
and mass occurring where this Regge trajectory crossed
J=1/2. We can get an idea of the average slope of this
Regge trajectory in terms of the observed masses of N
and FywN resonance. This turns out to be da/dW
=~ (370 MeV).

(2) The D3 wN resonance with I=1/2 at 1510 MeV
has to be regarded as the first member of the Regge
family with I=1/2, odd parity, and odd J parity. An
observation of a second member of this family depends
on whether this Regge trajectory ever crosses J=1/2.
On the basis of the above estimate of slope, we might
expect it to happen around 2250 MeV, if one were
allowed such an extrapolation. More likely, however, is
that this is the only observable member of the family.

(3) The 3, 3 resonance (i.e., PywN resonance with
I=3/2 at mass 1238 MeV) has to be regarded as the
first member of the family with 7=3/2, even parity,
and odd J parity. Using our previous estimate of slope,
one would expect this trajectory to exhibit its second
member Fy #N resonance with I=3/2 around 1900
MeV, where one has observed a bump in I=3/2 state.
The quantum numbers of the bump, however, are not
yet certain.

IV. HIGH-ENERGY BACKWARD =N SCATTERING

The results obtained in the last two sections about
the J-plane analyticity in the =V scattering (i.e., the s
channel) apply equally to the % channel, as this is also
a 7N scattering channel. As the Regge poles in the
channel control the high-energy backward =N scatter-
ing, we are now in a position to give expressions for the
wN backward-scattering angular distribution expected
in the Regge picture.

We have

do . s
Ez(ﬂ' p— 7Ep)

(m2—1)2]
N

1
. |f1(+) :Ffl(—)“U2(+):Ff2(_)]l2—’l;;[u_

XRe[fl(+):Ffl(—)]*U2(+):Ff2(~)]- (41)
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Using crossing symmetry, we have
do
__(7‘-&:? — .n.:hp)
= |f1(+)c:{:f1(—)c_ D2(+)c:i:f2(—)c]2
1 (m2—1)2
__[u.___—] Rel__fl(+)°:l:f1(_)°]*
k? s
XU2(+) c:*:fz(—)c]’ (4'2)
since
f1n2(+)c(u)syt)ifli(—)c(u»s;t)
=f112(+) (S;u’at):Ffl»Z(_) (s,u,t). (43)

This simply expresses the fact that #*p scattering in the
direct channel looks like 7—p scattering in the # channel
and vice versa. The superscript ¢ refers to the ampli-
tudes in the crossed # channel with # as energy square.

As the detailed expressions are long, let us illustrate
how to work out the contribution of the different
Regge poles to f1¢(u,s,f) and to f2™¢(u,s,f) by taking
nucleon Regge poles as an example.

Now we have

f1,2(+>°(u,s,t) :%fl.?-(”c(uys:t)+%f1.2(;)c(u:5’l)y
and

fl,z(—“(u,s,t)=%f;,g“”(u,s,t)—%,—fl,g(”‘(u,s,t),

where superscripts 3,  refer to the value of total iso-
spin. As the nucleon Regge trajectory has I=3%, it
would not contribute to /=% amplitudes and we get

[P f1,9 v =3[ f1,.P°(u,5,8) v,

[f1.2P = f1,9¢]n=0,

where the subscript N stands for nucleon Regge
contribution.

The physical nucleon pole appears in the amplitude
hiyy,r? @ (W,) at J=% and W,=m in the » channel,
where =W ,? and W, is the c.m. energy in the « chan-
nel. If we denote this Regge trajectory by J=ax(W,),
the amplitude %;_3,74/ @ (W,) will have a trajectory
given by J=an(—W,). Using the Sommerfeld-Watson
transform for fi, f» in the % channel, obtained by re-
placing W and z by W, and 2. (the energy and cosine
of the angle of scattering in the # channel) in expression
(2.14) and using the symmetry relation (3.5), we find
that the contribution of the nucleon Regge pole to
f149, f2(@ is given by

I:fl.z(i)c(uysxt)]N
(Eu— m) (Zkuz)aN(Wu)—ibN (Wu)
B 32W, cos[wan(W,)]
XLPanwuost (2) FPanwusi' (—20)]
(E,,"{"m) (Zku2) an (—Wu)—ibN (— Wu)
32W 4 cos[man(—W.)]
K[ Paywuxi @) EPaywasi(—325)],

and
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where
bv(W)=lim {fax(Wu)—JJhris, 07 ©@ (W)},

J—aN(Wu)
A2 = u— 22— 2+ (m2—1)/u,

E.,= (Wu2+m2" 1)/2Wu,
and
2.=—[s—m?— 14-2E, (W ,— Eu)]/Zkuz. (4.4)

By substituting Eq. (4.4) together with similar
contributions from other Regge poles in Eq. (4.2) we
have the angular distribution in the backward =p
scattering.

Now the backward direction in the s-channel =V
scattering is given by

u— (m2—1)2/s=0.

Thus, at very high energies, the backward cone has the
u values, which are negative;i.e., W, is pure imaginary.
If ay(W,) and by(W,) are real analytic functions
with cuts on the real axis only, then ay(—W,) and
bn(—W,) would be complex conjugates of ay(W,)
and by(W,), respectively, and there would be inter-
ference terms between the trajectories J=ay(W,) and
J=ay(—W,), which would lead to oscillations in the
angular distribution.

V. REGGE POLES IN THE =+= — N4+N CHANNEL

We now come to a discussion of the J-plane analy-
ticity in the #+x — N+N channel; i.e., the ¢ channel.
The Regge poles in this channel control the high-
energy forward elastic 7.V scattering.

The partial-wave decomposition in this channel is
given by’

8w
A (s5,0,8) =; 2T+ (pg)”

m cosbs ' &7
X [mf’ 7' (cosz) f_) (1)
~Pleost 0], (5.
and
B® (s,u,t)=81r Z _ﬂ__@_
[J+1)]"

X (pq) 7Py’ (cosbs) f- 7 (B),

t=4(p*+m?)=4(g*4+1),
cosfs= (s+p*+q)/ 2pq) =21,

f+®)7=same definition as of Frazer and Fulco,

(5.2)

where

and the sums over J run through /=0, 2,4, --- for A®
and B®), that is I=0; and J=1,3, --- for A and
B®) thatis I=1.

7W. Frazer and J. Fulco, Phys. Rev. 117, 1603 (1960).
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In what follows we do not consider the analytic con-
tinuation of f,.Y into the complex J plane, but rather
the continuation of f,®7 and (f)_*7 defined by

+
JU+D]"

as these are the quantities that we always encounter.
This gets rid of the fixed branch pointsin J at J=0, —1.
We have for physical J values

1 AJ(:{:) m

@7 (5.3)

(7 =

(B =) — p2 JI_
LA R e YA Y
x[(J+1)BJ+1<i>+JB,_1<i>]}. (5.4)
M (i)J_BJ"l(i)—BJ"H(i)

167 (pg)—*

Using these expressions to project out these partial
waves, we obtain, after certain simplifications,

POV

EJ (= ——
f+&7Q) 57 (pg)
/+ 2+ 2
X[A,;(i)(S',t)—s——g—q-B,(i)(s',l)}
2p?
sl+ 2+ 2
XQJ(—?_Q’>,
2pq
and (5.5)
1 (=)’
iy PRPYRINY)
167 (pq)”

sl+P2+q2 s'+p2+q2
X[ em(— ) em(—) ]
2pq 2pq

We have used the crossing symmetry (Bose statistics
for the pions) also in writing these expressions. Looking
at these expressions, one again sees that, apart from the
factor [14(—)7], the quantities f, &7 and (f)_®7
define analytic continuations that are suitable for
making Sommerfeld-Watson transforms. Thus we again
define the even and odd J-parity continuations by re-
placing (—)7 by +1 for even J parity and by —1 for
odd J-parity continuations. This makes the odd J-
parity continuations for 7=0 and the even J-parity
continuations for /=1 identically vanish. This is a
particular instance in which a symmetry property
(here, Bose statistics for pions) tells us that only one
J parity is physical. Since only one of the J-parity
continuations is nonzero, we shall use the same nota-
tion as /@7 and (f)_®7 to denote the nonvanishing
one.

The analytic properties in ¢ of the J-plane analytic
continuations f; &Y and (f)-7 are precisely the

VIRENDRA SINGH

same as that of the physical partial waves. They are
thus real analytic functions in the ¢ plane with a right-
hand cut 4<t(<, and a left-hand cut — o <¢
<4(1—1/4m?), on the real axis.

Since unitarity couples both f.*/ and (f)_*/ to a
number of common channels like the I =0, 7 scattering
channel, they will share the same Regge poles together
with the I=0, mr scattering amplitude. Similarly for

(f)~7 and (f)-7.

V1. HIGH-ENERGY FORWARD ELASTIC
SCATTERING

High-energy forward elastic scattering is dominated
by the Regge poles in the crossed channel r4r—
N-N; ie., the ¢ channel, which we analyzed in the
last section from the Regge point of view.

We have for differential and total cross sections,

do/dQ=| fi+f2|*+ (t/k?) Refi*fe, (6.1)

and

gtotal = m Im(f1+f2)e=0, 6.2)

with
w= (s—m2—1)/(2m)=the lab energy of the pion.

Here one has to substitute proper isospin combinations
for f; and f.. Thus

Ji=fiP£fiO for mp—ap,
and
fi=—V2f;© for 7 p— n'n. (6.3)
Re-expressing Egs. (6.1) and (6.2) in terms of ampli-
tudes A’ and B, where

w1/ (4m)
'=A4+————B, (6.4)
1—1t/(4m?)
we obtain,
do m \? !
—_— 1——— )| 4’2
aQ (41rW) |:< 4‘m2’)I |
! (m~+w)?
I s e 2
4m2( 1—t/(4m2)> 7! ] o9
and
gtotal = D} ImA’'(s, t=0). (6.6)

Now we have from Egs. (5.1), (5.2), and (5.3),

8
Af<i><s,t>=";;;?(pq>f<f+%)f+<i”(t)PAcoses),
and

B® (s,t)=8r ; (pg)" (- P s (coss). (6.7)
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On the hypothesis that large s (i.e., cosf;) behavior
is dominated by the Regge poles in the ¢ channel, we
have

2mifpq at()
aw o (B L+
8§00 P2 m

[Pa*(t) (—20)E£Pat 1y (20)

sinra£(f)

], (6.8)

and

at(t)—1
B&® — +21ri(—> b_£(t)
£§0 m

[Pa*(t)’('“Zt):FPa*(t),(zi)]
X )

sinma®(¢)

where a*(f) and o~ (¢) are Regge poles that have maxi-
mum real parts for the isospin zero, w47 — N+N
channel, and for the isospin one, r+r — N-+N channel,
respectively, and where

bix()= lim {m?f =D —ax()]},

J—at(t)

and

n (6.8
br(f)= lim {m™(H-*P O —e*(O)])-
JoaT(t)

In writing these expressions we have used the results
concerning the J parity and sharing of Regge poles by
different amplitudes, which were established in the last
section.

These expressions (6.8) could be further simplified to

s ax(t) lie—iwai(t)
s ool A
80 2

m sinma®(f)
and (6.9)
s ax(t)—1 1:]:6——1'1«:!:(!)
oo woes0() |
0 2m sinra(f)

where C,%(?) is linearly related to 5,%(¢), and C_%(¢)
to b_%*(f). Substituting these behaviors (6.9) into our
expressions for total cross sections, we get

at(0)-1
g e o)
i m

and

s a(0)—1
s p—eiap) o G0 =)

m

(6.10)

Now if the constancy and equality of the »tp and
7 p cross section is to be achieved in this picture, then
we must have

at(0)=1,
and (6.11)
a—(0)<1.
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Thus these must be a trajectory having zero baryon
number, even G parity, even J parity, and zero isospin;
i.e., the trajectory has the quantum numbers of the
vacuum that must pass through 1 at {=0. This is the
Pomeranchuk trajectory. There cannot be any tra-
jectory that passes through a point J>1 at /=0 other-
wise we would have a cross section increasing as a
power of energy which is certainly not allowed by the
Mandelstam representation. Also, for isospin one we
expect the p Regge trajectory to be same as o~ (¢). Now
Re o~ ()=1 at t~30m.?; hence, at {=0 we would auto-
matically have a—(0) <1.

Thus, at high energies, the m+p and 7p scattering
will both be dominated by the Pomeranchuk-Regge
pole and we will have

do 1 /s \Het®mn
aerrzi()
i

=% 16w \2m

t
x[ st () P—— (e )|+ |a+<:>c_+<z>|2>}
4m?

2

1+e—i1ra+(t)

(6.12)

sinmat (¢)

However, for the charge exchange n~p— 7%, the
Pomeranchuk-Regge pole cannot contribute because
there would have to be a charge exchange in the crossed
channel; this cannot happen because the Pomeranchuk
trajectory has zero isospin. Charge exchange is a pure
I=1 process when looked at in the ¢ channel. Thus, this
process is dominated by the p Regge pole, and we have

do 1/ s \2e -1
ez ()
i

=% 8r\2m

t
x{1c+~<t>| —— (e Ol+la0e-0) >}

1 — p—ima—(t) 2

1
sinzra—(£) (6.13)

By using these expressions (6.12) and (6.13), it
should be experimentally possible to determine the
Pomeranchuk and p trajectories for negative values of .
A significant feature of the Regge-pole hypothesis is the
logarithmic shrinkage of the width of the diffraction
peak with energy.
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APPENDIX. THE RANGE OF THE EXCHANGE
POTENTIAL

There has been some uncertainty as to what quantity
should properly be called the range of the exchange
potential in the case of the scattering of two unequal
mass particles, such as 7N scattering. The discussion in
Sec. II clarifies this situation.

It will be seen from expressions (2.12) and (2.13)
that the absorptive parts in the ¢ and # channels having
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the same value of the integration variable &’ super-
impose each other. Now «'=t¢ for ¢ absorptive parts
and &'=wu— (m®—1)?%/s for » absorptive parts. Hence
the range of the exchange force arising from the ex-
change of mass /% is [#— (m?—1)2/s]Y2 in the sense
that (¢)~% is the range of the direct force arising from
an exchange of mass 4/¢ in the ¢ channel. Unlike the
direct force, the range of the exchange force is energy
dependent and gets smaller as the energy gets larger.
In particular, the exchange of a single nucleon gives
rise at low energies to a force of range of approximately
(2m)12 and approaches the naively expected range
(m)™ only at very high energy.

PHYSICAL REVIEW

VOLUME 129,

NUMBER 4 15 FEBRUARY 1963

Fluctuation Compressibility Theorem and Its Application to the Pairing Model

J. S. BELr*
University of Washington, Seattle, W ashington, and CERN, Geneva, Switzerland
(Received 4 September 1962)

A theorem of statistical mechanics relates density fluctuations to compressibility. A new derivation of
this is given. The theorem is violated in the BCS model of a superconductor. The difficulty is resolved by
those same improvements in the theory which lead to a gauge-invariant Meissner effect.

I. INTRODUCTION

T has been observed by Liiders! that density fluctua-
tions in the BCS model of a superconductor violate
a standard result of statistical mechanics (Sec. 2, Sec. 3).
The difficulty is analyzed here. It is found to be resolved,
at least for zero temperature, by those same improve-
ments of the theory which lead to a gauge-invariant
Meissner effect (Sec. 4, Sec. 5). A new derivation of the
standard theorem is given (Sec. 6).

II. THEOREM

Consider an infinite homogeneous system in thermal
equilibrium, specified by temperature 7 and chemical

potential p. The two-particle correlation function is
defined by

G(x—y)=(p(x)p(¥))— (o (x)){o(¥)), )

where p(x) is density at position x, and brackets ( )
denote thermal averaging. The standard result? is that

dp
/dx G(x)=kT—, 2)
op

where p is mean density. An equivalent statement is
that in a large subvolume Q' the fluctuation of particle
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% See for example L. D. Landau and E. M. Lifshitz, Statistical
Physics (Pergamon Press, London, 1958), p. 365.

number
N'= f dx p(x)
is given by i
(N)—(N"y=Q'kT (9p/0p), ©)
or with a different form of the right-hand side
(N")—(N'"y=Q'pkT (3p/3p), (4)

where p is pressure.

The usual argument is that for large enough @’ one
can ignore interaction across the dividing surface with
the remainder of the system. The latter is treated merely
as a reservoir of particles. The subsystem in Q' is then
represented, to some unspecified degree of accuracy, by
a grand canonical ensemble. Equation (3) is readily
derived, and (2) follows from it.

The theorem has been stated for an infinite system.
In formal discussion one considers first a large but finite
system, of volume Q. We then use the conventional
periodic boundary conditions, so that the quantity on
the right-hand side of (1) remains a function only of
(x—7y). It is essential that the limit @ — « is taken
before the integration in (2) is performed. It is easily
seen that the quantity

lim | dx G(x)
Q>0 Q

is ensemble dependent. In fact, it is proportional to the



